INTRODUCTION w x
The Hankel transform is defined by 25 Ž .
and proved that the Hankel transform is an automorphism on H if ) y1r2. This testing function space has been generalized in different w x ways in 3᎐10, 15᎐19 and the Hankel transform has been studied on these spaces and on the corresponding spaces of distributions. Functions belonging to these spaces are smooth and satisfying special asymptotic conditions at both 0 and infinity.
In this paper we describe the range of the Hankel transform on some spaces of functions. Functions considered in Theorem 1 are not required to be smooth, and only some integral conditions at infinity are assumed. Ž .
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n n
Consequently, Ѩ rѨ x xyJ xy as a function of y has the order
in the neighborhood of 0 and O y at infinity. Hence,
Ѩ rѨ x xyJ xy g y , Re ) y1, as a function of y belongs to uniformly bounded, the first and the second expressions on the right hand Ž . side of 24 are uniformly bounded on R and, in particular, at 0. Hence,
Re G 1r2, tends to 0 at infinity and is bounded at 0.
Ž . Ž .
Sufficiency. Suppose now that f satisfies condition i ᎐ iv of Theorem 1.
Ž .
Ž . where the integral is understood in the L R sense. Putting
Ž . Assuming n G 1 and integrating 26 by parts twice we obtain
Ž . Using formulas 14 and 23 we get
Since Ny J Ny is uniformly bounded and drdx d rdx q 1rx
f N tends to 0 as N ª ϱ property iv , the expression Ž . on the right hand side of 28 tends to 0 as N ª ϱ.
' f 1rN is bounded, whereas the function yrN J yrN has the Ž y y1r2 .
Ž . order O N at infinity. Hence, expression 29 tends to 0 as N ª ϱ.
Similarly, the function 1r2 yrN J Ny has the order O N and
The functions 1r2 y Ny J Ny and 1r2 y Ny J Ny both are
Ž . property iii , therefore, both expressions 31 and 32 tend to 0 as
The functions 1r2 Ny J yrN , 1r2 y yrN J yrN , and
Ž . expressions 33 , 34 , and 35 tend to 0 as N ª ϱ.
Ž . 
Ž . Because ) y1r2, from 39 we obtain Ž . Ž . rem 1, part iii we see that ϱ y yx Ž .
We need the following LEMMA Ž .
x is a bijection on the space of infinitely differentiable functions which have Ž . for x ª ϱ the same behavior as functions in the Schwartz space S S R and w x a slow growth as x ª yϱ. It is known 14 that the Weyl fractional Ž . integral operator 57 is also a bijection on the space of infinitely differen-Ž . tiable functions with bounded support on R . From 57 it is easy to see Ž . has zeros at poles of the gamma function ⌫ r2 q sr2 q 1r4 in the strip Ž . a -Re s -b, hence, formula 68 is valid for all non-negative integers n Ž . on the interval ar2 y Re r2 y 3r4, br2 y Re r2 y 3r4 , if there exists one. Therefore, g g H H ␣, ␤ and Theorem 4 is proved.
a, b
In particular, the Hankel and the extended Hankel transforms are bijections on H H ␣, ␣ , a -1r2, 0 -␣ F .
a, 1ya
6. HANKEL AND EXTENDED HANKEL TRANSFORMS IN SOME OTHER SPACES OF FUNCTIONS Ž . Ž . Let ⌽ be any linear symmetric subspace of L R or L R having 1 2 Ž . i t Ž . Ž . m t s 2 ⌫ r2 q itr2 q 1r2 r⌫ r2 y itr2 q 1r2 , Re / Ž Ž . Ž . y 1, y3, . . . , as multiplier symmetric means that if t g ⌽ then yt . Ž . g ⌽ . The multiplier m t is infinitely differentiable and uniformly bounded on R, its derivatives grow slowly, therefore, many classical spaces Ž on R are special cases of ⌽ for example, any L or L space with a 1 2 Ž . bounded weight, the Schwartz space S S R , and the space of infinitely . y1 Ž . differentiable functions with compact support . We define by M M ⌽ the space of all functions g on R that can be represented in the form 
